Introduction
Photonic band gap (PBG) materials are structures in which the refractive index varies periodically in space on a length scale comparable to the wavelength of light. Similar to the way the motion of electrons is affected by the atomic lattice of a semiconductor, photons can be scattered multiple times by the photonic structure thereby resulting in either propagation or blocking of specific wavelengths of light through this structure. In case that the propagation of bands of wavelengths of light is disallowed for all directions and polarizations, the photonic crystal exhibits a photonic band gap [1, 2] . Three-dimensional photonic crystals with band gaps in the wavelengths pertaining to the visible and near-infra-red regions [3, 4] are believed to be the future of optical devices [5, 6] , for which inverse opal structures are promising candidates. Although the research focus in recent years has shifted towards two-dimensional photonic crystals as they are easier to fabricate, interest in fabrication of three-dimensional photonic crystals such as the woodpile lattice seems to be on the rise [5, 7, 8] .
Inverse opal structures consist of spheres made of a low dielectric contrast material embedded at the positions of a face-centered cubic (FCC) lattice inside a material with a high dielectric contrast. For instance an FCC structure of air spheres in silicon has a band gap between bands 8 and 9 with a relative gap width of 5% [9] [10] [11] . Reports of experimental realisations of these structures starting from a precursor colloidal FCC crystal are abundant [12] [13] [14] [15] [16] [17] [18] . The inverse crystal can be achieved from the colloidal crystal by infiltrating a high refractive-index dielectric material and then removing the solid spheres by etching or burning to create the air pockets [12] . However, the popularity of these FCC structures is damped by the fact that the photonic band gap formed in such structures is extremely fragile and highly susceptible to variations in position and size of the spheres [19, 20] . This imposes a strict restriction on the uniformity of these structures. Though there have been efforts to increase the band gap either by connecting the air spheres by cylindrical tunnels [21] or by creating voids by incomplete infiltration of a high di electric contrast material [3] , such increments do not give any warranty against the destruction of the photonic band gap in these photonic band gap materials. Another possible route is to embed a different material to the existing dielectric structure such as graphene [22, 23] . A more attractive solution stems from the reported increase in the photonic band gap of two-dimensional photonic crystals of dielectric rods in a square, triangular or honeycomb lattice by the addition of smaller interstitial rods [24, 25] . This increase in the gap width is due to the increase in the filling fraction of the di electric without a disruption in the connectivity of the lattice. Analogously, doping the octahedral interstices of the FCC lattice leads to a binary NaCl lattice, which in its inverse form is reported to possess a band gap with a relative gap width of 9% [26, 27] . A comparison between the band structures calculated for the close-packed inverse FCC and NaCl structures is given in figure 1 . From the figure, we note (1) the larger band gap in NaCl in comparison to the FCC structure and (2) the position of the gap in NaCl is a little higher than in FCC. However, the question regarding susceptibility of this NaCl-like structure to disorder is, as yet, not investigated.
To answer this question, we first need to understand the construction of the NaCl lattice and consider the different kinds of disorder that are formed in this structure during its experimental fabrication. The binary NaCl structure consists of spheres of two different sizes, where each species is ordered on a FCC lattice. This inter-penetration of two FCC lattices results in a scenario where the small spheres are positioned in the octahedral voids of the FCC lattice of the large spheres. For a close-packed FCC lattice of large spheres with a radius r l , the corresponding radius of the small spheres r s should lie between the radius of the tetrahedral (r te = 0.22r l ) and the octahedral (r oc = 0.41r l ) voids. Large binary colloidal crystals with a NaCl structure have been fabricated using hard-spherelike silica spheres with a size ratio q = r s /r l = 0.30 [28] . At this size ratio, the small spheres are not in contact with the large spheres and in principle, can rattle inside the octahedral void. Thus, when the structure is inverted, the position of the small spheres may not be in the centre of the void. We also note that for this size ratio the small spheres do not fit in the tetrahedral voids. Furthermore, a size polydispersity of about 2% for the large and 7% for the small spheres was reported during the fabrication. Accordingly, the first two parts of this work is concerned with the study of the effect of positional disorder and size polydispersity of the small spheres on the photonic properties of a binary colloidal NaCl lattice.
In the third part of this work, we address the question of how the photonic properties change for these binary structures upon changing the number fraction of small spheres, i.e. by varying the compositions in between those of the FCC and the NaCl structures, both of which possess a photonic band gap. This is particularly interesting because of the following reasons: (1) It was recently demonstrated that the so-called interstitial solid solution (ISS) is thermodynamically stable in a binary hard-sphere mixture with a size ratio q = 0.30. The ISSs in this binary system consists of a FCC of large spheres but with only a fraction of the octahedral holes filled with small spheres [29] . (2) ISSs of varying compositions can be formed by sedimentation experiments in which the fraction of small spheres decreases along the height of the sedimentation column [27] . (3) ISSs have a huge effect on the photonic properties of the parent material as demonstrated by the change in the structural colour of FCC photonic colloidal crystals upon interstitially doping with spherical nanoparticles [30] . Thus, in this work, we also study the effect of small sphere composition on the photonic properties of a binary colloidal ISS with the spheres positioned on an NaCl lattice.
We wish to point out here that although one might expect that the structural disorder of the large spheres has a larger effect on the band gap, we exclusively focus this work on the disorder of the small spheres. This is because of the following reasons: Firstly, we expect the effect of the disorder of the large spheres in the NaCl lattice to be similar to that of the FCC, but less pronounced due to (1) the larger band gap width of the NaCl lattice, and (2) the fact that the small spheres in the NaCl lattice will constrain the movement of the large spheres. We will briefly explain these here. According to (1) , for a FCC lattice, a band gap width of about 5% was nullified with randomness in the position and size of large Comparison of photonic band structures of (a) a face-centered cubic (FCC), and (b) a NaCl lattice of air spheres ( = 1) in silicon ( = 12). The large spheres in both the structures have a close-packed configuration. In the NaCl structure, the spheres have a size ratio of q = r s /r l = 0.3, where r s and r l are, respectively, the radius of the small and large spheres. The band gap in the FCC and NaCl structures are, respectively, coloured in yellow and cyan. The reduced frequency is written as ω
spheres with a range less than 2% of the lattice constant [19, 20] . However, as previously mentioned, the band gap width of a NaCl lattice is almost twice as large as that of the FCC lattice consisting of the same dielectric material. Thus, contrary to the situation of increasing the band gap by using a material with higher dielectric constant [19, 20] , this could mean that the NaCl lattice can withstand disorders of larger magnitude than the FCC. The situation presented in (2) means that the possible range of positional disorder of the large sphere in a NaCl lattice is limited because of the presence of the small spheres in between them. This, also reduces the effect of the positional disorder of the large spheres. Secondly, during the fabrication of these crystals by sedimentation, the position and composition of the small spheres are more prone to vary in comparison to that of the large spheres and it is thus important to investigate the effect of disorder of the small spheres. However, we have not come across such a study. Our present work is a step in this direction. This paper is organised as follows. We present the method used to calculate the photonic band structures in section 2. We then individually discuss our method for studying each of the three types of disorders, and evaluate the effect on the photonic properties of the binary NaCl-like structure in section 3. We end with some conclusions in section 4.
Methods
We study the effect of positional disorder, size polydispersity and composition of the small spheres on the photonic properties of a binary colloidal NaCl-like structure by calculating the photonic band structure diagrams. We focus here on the inverse structures composed of air spheres with dielectric constant = 1 in silicon with = 12.
We calculate the photonic band structure diagrams using the open-source 'MIT Photonic-Bands' software package [31] . This software package computes fully-vectorial eigenmodes of Maxwell's equations with periodic boundary conditions by preconditioned conjugate-gradient minimisation of the block Rayleigh quotient in a plane wave basis [31] . We describe a primitive cubic NaCl unit cell of lattice constant a by a large sphere with radius r l = 0.35 350a, and small sphere with radius r s = 0.10 605a. This results in a NaCl-like structure with a volume fraction η = 4/3 N l πr For comparison, we mention that the volume fraction of a close-packed FCC lattice is 0.74; while the maximum packing of an NaCl lattice is obtained at a size ratio q = 0.41 and is equal to 0.79. In this primitive representation of the unit cell, the large sphere is positioned at the origin and the small sphere at (0.50a, 0.50a, 0.50a). We normalise each parameter with respect to the lattice constant a. Thus, the band structures can be tuned to any length scale by scaling with a. In order to study the various defects, we make use of a super cell approximation, in which a large crystal with a defect is placed in a super cell and then repeated periodically in a three-dimensional space. We use a super cell containing 3 × 3 × 3 unit cells. We wish to point out here that the size of the super cell is relatively small compared to the system size used in experiments. So, these super cells can be considered as a periodic representation of the disorder. Because of memory constraints experienced in running these simulations, different mesh resolutions were used for studying the different aspects of disorder. The resolution cubed equals the number of plane waves included in the calculations, which is equal to the number of grid points used to discretise the unit cell or super cell.
Results and discussion
In this section, we individually present the results pertaining to each of the three types of disorder. 
Effect of positional disorder of the small spheres
First, let us take a look at the effect of the position of the small sphere in the octahedral void. To assess this, we consider lattices in which the position of the small sphere varies from the centre to the periphery of the octahedral void. All three coordinates of the small sphere in a unit cell are collectively changed from (0.50a, 0.50a, 0.50a) to (0.45a, 0.45a, 0.45a) in steps of 0.01a. We do not change the coordinate of the sphere in a single dimension with respect to the other two. We perform this study using both a unit cell and a super cell. We state here again in the unit cell simulations, we consider a primitive unit cell consisting of one large and one small sphere. On the other hand, the 3 × 3 × 3 super cell consists of a total of 27 large and 27 small spheres. In the case of the unit cell, the positional change denotes a collective change in the entire lattice due to periodic boundary conditions. On the other hand, in the case of the super cell, we only vary the position of the central sphere while keeping the position of the other 26 spheres intact. We perform photonic band gap calculations on the unit cell using resolutions varying from 4 to 32 to obtain an indication regarding the resolution to be used in the super cell calcul ations. On the basis of these results, we decide to use a super cell with a resolution of 24. We compare the various band gaps obtained in each case by calculating the relative gap width, i.e. the ratio of the gap width and the mid-gap frequency.
We plot the relative gap width as a function of the positional coordinate in figure 2. On the top of the figure, we show schematic representations of the extreme positions of the small sphere (red) in the octahedral void (green). The surrounding large spheres (blue) are also shown. Figure 2 (a) deals with the calculations performed on a unit cell, while figure 2(b) shows that of the super cell. We make four observations from this figure. Firstly, in figure 2(a) , we see that the gap width starts to converge at a resolution of 16. This is the lowest resolution that can be used in the super cell calculations. Further, in a study of the band gap as a function of the resolution for the ideal NaCl-like structure (not given here), we find that the band gap width at resolutions 32 R 60 is 8.18 ± 0.07. The band gap calculated at R = 24 is 8.12, which falls within the above mentioned range. Thus, our resolution value of 24 is justified. Secondly, we observe that the gap width calculated for the ideal NaCl lattice, i.e. at (0.50a, 0.50a, 0.50a), is slightly different in the case of the unit cell ( figure 2(a) ) and the super cell ( figure 2(b) ). We attribute this difference to the different mesh resolutions used to discretise the unit cell and super cell. Thirdly, we find that the presence of a photonic band gap is independent of the position of the small sphere, but the relative band gap width decreases with a larger deviation of the small sphere from its ideal position. This is due to the structural disorder that is introduced by the eccentric movement of the small sphere. Lastly, we observe that, at the highest reported resolution for the unit cell, the reduction in the relative gap width is close to two percentage points (around 22%) when the sphere is moved from the centre to the periphery of the octahedral void. In contrast, the corresponding reduction in case of the super cell is about 0.15 percentage points (about 2%). This is expected because in the case of the super cell, we calculate the effect of the movement of only a single small sphere; while in the case of the unit cell all small spheres in the system are effectively moved.
Effect of size polydispersity of the small spheres
We study the effect of size polydispersity of the small spheres by changing the radius of a single sphere in a super cell, termed as 'defect' particle. We do not, however, change the size of the large spheres, and all particles are kept fixed on their ideal lattice positions. In general, changing the size of the defect sphere results in the addition or removal of dielectric material from the structure and this results in the formation of degenerate states inside the band gap in case of single-component structures [32] . Reducing the size of the dielectric spheres from the ideal radius to zero results in moving the defect state from the lower end to the middle of the band gap. Increasing the size of the dielectric spheres would have an opposite effect; i.e. the defect state moves from the upper end to the lower end of the band gap [32] . However, the behaviour obtained by changing the size of one component with respect to the other in a binary system is not so straightforward. Practically, one would expect polydispersity to be manifested as a random configuration of small particles of different sizes. Our study, where we consider only a single defect per super cell, is a starting point towards this. In our case, we obtain a periodic repetition of the defect.
Here, we vary the radius of the defect sphere r d in the calculations from 0.00 to 0.15a in steps of 0.01a. For the analysis, we normalise the defect radius with the ideal radius of the large sphere r * d = r d /r l . The normalised defect radius then varies from 0.00 to 0.42. With this variation, we span the size spectrum from a vacancy to a sphere slightly larger than the radius of the octahedral void, r ov = 0.41r l . This enables us to calculate both the effect of decreasing as well as increasing the radius of the air sphere. For these calculations, due to memory constraints of our computing cluster, we use a super cell of resolution 16. The results are given in figure 3 . We find that the resulting behaviour is different for r * d < 0.37 and 0.37 r * d 0.42. The formation of defect states inside the band gap occurs only at larger defect sizes, i.e. 0.37 r * d 0.42. Let us look at these two situations separately. In figure 3(a) , we plot the variation of the gap width as a function of the defect size r * d . We find that the gap width decreases upon increasing the defect size. This results in an interesting scenario where the presence of a vacancy in the crystal (r * d = 0.00) has a larger gap width than the ideal NaCl lattice (r * d = 0.30). This hints that the presence of a small fraction of vacancies in the crystal may in fact be beneficial for its photonic properties. A more detailed study of these vacancies (composition) will be presented in the next section. As mentioned, for 0.37 r * d 0.42, we find the formation of defect states in the photonic band gap as shown in figure 3(b) . We make the following three observations. Firstly, we notice the presence of three degenerate defect states at each defect size. Such defects can act as a small-sized optical resonator. Secondly, we note that these defect bands are not flat. One would expect a flat defect band for a point defect in an infinite structure [33] . The optical coupling between the different super cells results in these non-flat curves. Thirdly, we observe that the frequency of the defect state increases with increasing defect size. This behaviour is similar to that in a single-component system as described above [32] . In figures 3((c)-(e) ), we plot the distribution of the electric field across the sample in the defect states obtained at r *
The open circles represent the position of the small spheres and the defect sphere is at the centre. We see that the resonant modes of the electric field are localised in the vicinity of the defect, thereby resembling a microcavity. Such a microcavity can be used to enhance the rate of spontaneous emission of a photonic crystal [32] . We note that each defect state is split into three because of the difference in alignment of the defect field with respect to the underlying lattice. Furthermore, the presence of a threshold (in terms of the defect size) for the formation of defect states agrees well with the localisation theory in three dimensions, i.e. a certain critical degree of disorder is required for localisation [34, 35] .
Effect of composition of the small spheres
Finally we study the effect of composition of the binary mixture on the photonic properties. In other words, we study the photonic properties of the interstitial solid solutions with compositions of small spheres intermediate to the FCC and NaCl compositions. At compositions closer to NaCl, this also serves as a study on the effect of vacancies. To this end, we begin with a super cell of FCC and add small spheres in steps of three to it, i.e. from 0 to 27 small spheres in a 3 × 3 × 3 super cell. In the case of 27 small spheres, the system reduces to the NaCl-like structure. At each composition, we use three random configurations of small spheres. These calculations were performed at a resolution of 24.
To analyse this, we plot the relative gap width and the gap map as a function of composition in figure 4 . We represent the composition as the number ratio of small spheres to all spheres in the system, gap widths calculated for the various configurations at intermediate compositions is higher than in the extremes. This can be explained by plotting the binomial distribution representing the number of ways the small spheres can be arranged, shown as the green curve in figure 4(a) . We notice a direct correlation between the scatter in the gap width and the binomial distribution indicating that the sampling size used at the intermediate compositions may be inadequate. (4) At compositions close to x s = 0.50, we find a small increase in the gap width as reported in the previous section. This reinforces the advantageous effect of the presence of a small concentration of vacancies in the crystal. Correspondingly, we plot the gap map with the position of the band gap as a function of composition in figure 4(b) using the average of the three values. We observe a similar continuous increase from the FCC to the NaCl gap positions, that agrees well with the band structure shown in figure 1.
Conclusions
In conclusion, we have studied the effect of various disorders pertaining to the small spheres on the photonic properties of a binary NaCl lattice consisting of air spheres in silicon at a size ratio q = r s /r l = 0.30. Firstly, we confirm that the inverse NaCl-like structure has a larger band gap than the inverse FCC structure. We then find that the photonic band gap in the inverse NaCl is not very susceptible to disorder in terms of randomness in sphere position, size, and composition of the small particle. We find that the NaCl possess a band gap irrespective of the position of the small sphere inside the octahedral void. However, the relative gap width decreases with larger deviation from its ideal position. Additionally, we find interesting effects of the size polydispersity of the small sphere. We find an increase in the relative band gap width of about 0.15 percentage points (about 19%) for up to 70% reduction in the radius of the small particle, i.e. reducing the defect radius r d from 0.3r l to 0.2r l . Furthermore, for a particle radius larger than the ideal size of the small particles, we find the formation of microcavities with resonant states inside the band gap. It is worth pointing out that we find that the presence of up to 10% vacancies in small spheres does not greatly influence the band gap of the NaCl lattice. Our results, thus, show that the NaCl-like structure has a low susceptibility to structural defects of the small spheres. (N s + N l ) ) when going from an inverse FCC to a binary NaCl lattice of air spheres ( = 1) in silicon ( = 12) with a size ratio of q = r s /r l = 0.3 calculated using a super cell of size 3 × 3 × 3. N s and N l are, respectively, the number of small and large spheres in the system. In (a), the black dots are the individual values obtained for each of the three configurations used at each composition and the blue curve connects the average of the three values. Here, we also plot a binomial distribution of the number of ways the small spheres can be arranged on the sub-lattice of an NaCl-like structure in green. In (b), the curve is drawn for the average of the three typical configurations.
